LOAD-FLOW CALCULATIONS IN MESHED SYSTEMS

Node voltage method

A system part with the node Kk and its direct neighbour m




Currents
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Let’s define the node self-admittance (adm. matrix diagonal element)
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m=1 m=0

m=k m=k



Node mutual admittance (non-diagonal element)
Yom=-Y

km
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Hence for k™ node current
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Uka(k,k) — Z Ui Yim = Uﬂ<Y(k,k) + Z Ume(k,m)
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Matrix echresAsioAn N
i)=()o,)  V3li)=(vho)
Regular admittance matrix (there 1s at least one non-zero element Yko )

(0,)= ()" (0)- k)



Singular admittance matrix — node voltage x (1 + n-1) defined

SIS e

Hence

i,)=(¥ 000+ (%, 00,)
i,)= (%) (0,)+ (% /0,

Let’s calculate (ix )» (ﬁfy)

(04)= (%) 0, - (%) (%) (0,)




Gauss-Seidel method

- iterative method for non-linear equations
- not always a good convergence

Basic i1dea
f(x) ; 0
Rewritten
X =g(x)
If x® is the estimation in k™ step, the next iteration is
x &+ — g(X(k))

We continue until two following iterations difference 1s smaller than the
prescribed precision €

‘X(k+1) _X(k)‘ < g



Sometimes the convergence can be improved by the acceleration factor o
(a<lora>1)

D) ) a(g(xao) _ X(k))

The system of n equations with n unknowns

£, (X, X500, X, ) =C,

f,(X,, X5, X, ) =C,



Each unknown 1s expressed from one equation
X, =C; +8,(X;,X,,...,X,)

Xy =Cy + Z,5(X), X550, X))

Gauss: k™ iteration from (k-1)" approximation

x ) = c_+ gm(xgk'l),x(zk'l),.. x K1)y (kD)

m 9Ym-1 > *m 22 “*n )

. th - . . th . .
Gauss-Seidel: for k™ iteration calculation also k™ approximations from
previous equations are used

x k) cm+gm(xgk),x(2k),.. x ) X(k'l),...,x(k'l))

m 9 *m-12“*m

Convergence 1s tested for each variable separately.



Newton-Raphson method

- the most often method for non-linear equations

- it uses Taylor polynomial

- it converts non-linear equations solution to linear equations solution,
gradually higher precision of the estimation

Basic idea

f(x) = c

If x is the initial estimation and Ax? is the difference from the right
solution, then

fx? +Ax?) =c



Taylor series

(k)
( df (XO ))

_ Z.O: dx (
= K
Expansion to the Taylor series

df\"” ()"
f(x'?) +(d—j AxY + 2'(d 2) (AxY) +...=c
X I dx
Higher orders neglecting (linearization)

(0)
Ac? ~ (ﬁ) Ax

dx

f(x)

)k
X-X,

where
Ac? =c—f(x?)
1s called “defect”.



Adding Ax"” to the initial estimation gives the second approximation
Ac¥

df (0)
a

(Note: impossible 1f the derivative equals zero)

<O = x©

The same relations in the next steps give the method algorithm:
Ac® =c—f(x)

AC(k)

df (k)
(dxj
X(k+1) _ X(k) 4 AX(k)

AC(k+1) —Cc— f(X(k+1))

Ax® =




The system of n equations with n unknowns

f,(X,,X,5e0, X, ) =C,

f,(X,,X,,...,X, ) =C,

f (X,X5,..,X,)=C_

Expansion to the Taylor series

0) (0) (0)
()Y +[ﬁj Ax\” +(@j AxY +...+( ai j Ax? =c,

OX, OX .,
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Matrix expression
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Hence
(AX(O’): (J(0> )—1 -(AC(O))

The method algorithm:

(Cl _(fl(k)) A

(Ac(k)): C, — (fz(k))

L, —(£,"))
(AX“‘)): (J(k> )—1 -(AC“‘))

(X(k”)): (X(k) ) 4+ (AX(k))
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(J®) — Jakobi matrix, regularity assumption
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_oad Flow solution

U-I equations system can be extended to voltage-power dependence

n
I, = Z Ume(k,m)
m=I

n
N x Do

S, =38, =30,1, =30, > U5 Y



\Sn/

0

0
0

oowc'«’oo

- powers defined — nonlinearity

Aim: to calculate P, Q, U, 0 in nodes and branches
Note: Assumption of symmetrical system and its loading — single phase

models.

AN

Y(k,k)

Yoin )

AN

Y(k,n) '

Yam )




Node types

Node power Node voltage phasor components
defined | to be calculated | defined to be calculated
- P,Q U, 9 —
P,Q - - U, 9
= Q U 9
Q P G U

slack (swing bus) — ,,balance node*, balance P, Q for losses, as a huge

system, large generation

PQ — loads
PU — generators, controlled voltage

Quantities
- fixed — requirements (P,Q for loads; P for generators)

- state — independent variables (U,0 for loads; o for generators)
- control — here no changes (U for slack and generators), they change in

optimization procedures



Calculations 1n relative values

Denominated values
=301 =301" U, =7i

Base Values

\/_ A A*

Relative values
§-S, =~3-0-U,-1i"1

Dk

=U-1

V>




Node current (single phase)

.
I, =U, ZYkm + Y,
ok

o Z ﬁfm?km

m=1
m=k




Gauss-Seidel Power Flow Solution

Solution for U, &:

-]q; 5 q®
G Z Yiiu;
J¢1
n
Z Yij
=0

J#1

(note: for loads P, Q < 0)

~(k+1) _

Solution for P:

n
k+1) _ AR [ A K) o & A&
p;i =Requ; ™| u; Z Vi — Z Yilti® ol




Solution for Q:

(k+1) _ ~F(k) | A (k) o ~ (k)
d; —Imqu; ™| uy Z Yi— Z Y|y

Admittance matrix elements

PQ:

PU:

n
Yiin = Z Y;;
=0

J#1

Y ="Yi

U, o slack known — 2(n-1) unknown

A (k+1 ~ (k
ai =f(p;, q;,0}")
(k+l) f(ﬁfk) , A (k))

A (k+1 k+1) Ak
(+) f(pn ( ), g))

imaginary part taken, real part to be calculated
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Newton-Raphson Power Flow Solution

1

Exponential form
é. =P + JQ U =U.e® \A((l =Y, J)eJe(i,j)



Power separated into the real and imaginary part

P = ZU U Y COS(Si —0;— ea,j))

Qi:ZI:UUJ (lj)sm(S 8 O(IJ))
i

— 2 equations for each PQ node, 1 equation for each PU node

The power changes are expressed (linearization)

AS, _Z %, A3, + 05, AU,
83, oU.
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OP.
AP. = B AS +— AU

: aQ. 0Q,
AQi:Z“[ LA, + IAU}
=\ o5, ' ou,

J
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Complete equation description
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More compact equations form

(0P OP )
AQ) | 0Q aQ || AU

086 oU /
(0P OP )

las aul_[ I
0= % B
L85  oU

Equations number for n nodes, S slacks, m PU nodes, p PQ nodes (n=s +
m + p):
AP x (n-s), AQ x (n-s-m)



P = Z:, U U Y 005(81 —0; =0 )
=

oP. & |
35, JZ; ULU, Y, sin(-3,+3,+6,,,
j#i
oP, |
. - UinY(i,j) Sln(Si - 8j - e(i,j)) j#1
]
oP.

o = 2UiY(i,i) cos(G(i’i) )+ Zn: UjY(i’j) cos(Si — Sj — O(i’j) )
| i

OP,
ou. Yi¥e COS(Si =90~ e(i,p)

J

J#1



Q; ZUI j m)sm(si—sj—e(i,j))

aQi:Zn:UUY COS(6 6 e(lj))

=-U,U Y, cos(s. -0, e(u)) j#i

231 =-2U.Y... sm( (1 1))+Z:UJ (1 ) Sm(Si_Sj—e(i,j))

J-‘#l

-=UY,, 3111(8 -5, O(IJ))

J#1



Iterative solution i1dea
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Decoupled Power Flow Solution

Transmission system: higher ration X/R for power lines
Couplings AP~Aos, AQ~AU stronger than AP~AU, AQ~Ao.
Therefore the Jakobi matrix can be simplified:

( OP A

AP |55 U (a8 (1, oY aAs
AQ o QAU (0 T, \AU
\ ouU

So called “Decoupled problem™ needs usually less time for calculation.
More iterations but quicker matrix calculations. (Number of operation for
lin. equations system solution increases quicker than linearly.)

2 systems are solved sequentially in each step.

Convergence precise, only the change of Jakobi matrix, i.e. iteration steps.
Approximate solution only in case of simplified relations for P, Q.




Ideal power line (R =0, G=0)

U.U. 2 U. B
P, =——sing, Q= YT, cosd; —U; -—
X, Xy X 2
oP. U.U. 0Q. UU.
+=——-C0s0, % _ Y >sin d,
00, ; 00, X,
OP; _ U, s 0Q; _ 2U; - U, coso;
ou; X, ! oU . X,
For little loaded lines (Sij — O) decoupling precise enough.
OP; _ U,U, 0Q; 0
@Sij Xij 8611'
OP; 0 0Q; _ 2U; - U,
ouU oU. X



The next simplifications reduce calculating J, and J4 each iteration.

Fast Decoupled Power Flow Solution

P _ N
i _ nil—
prai luiujy(i,j) sm( 0. +8j—|—6(i,j))
S O
n
q4; = Zuiujy(i,j) Sm(Si —0; -~ e(i,j))
i=1
P _ N 2
1 _ nnl— — 1
Y .1uiqu(i,j) Sm( 6i+6j+e(i,j)) UiYa Sm(e(i,j))
i =
S -
5 =4 W Y SI\Y, 5 )= 4, —W; Dy

By =Yai Sin(ea,j)): Im{y(i,n}

Usually By >>4q; and u’ ~u.



op;
00,
Usually 0 sz, u; =1

op; .
00, 6D Sm(_ e(i’j)) By =Yaj Sin(@(i,n): Im{y(i,j)}

— Uil sin(3, - 0;— e(i,j))
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PYY =-u; B

J




%_ 2w,y )sm( 0. )) Zu Y J)Sm(s —0; =8 J))
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q; = Z Uil Yy Sin(Si —0;— e(i,j))

j=1

23. —U; V. )sm( 0 ))+Zu Y sm(S 8 -0 J))

=1
231 -,y )sm(E) )+q
Usually B(i,i) = Y Sin(e(i,j)): Im{Y(i,i)}>> d;
oq.

1
= _uiB(i i)
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% _ Yi¥aj Sin(gi —90; - 9@»1'))

6uj
Usually 0; ~ 9,
0q; '
ou; =¥ sin- Oy
oq;
au _ulB(l J)
J
(Ap\ ( Ap\
Ap , r—1 o
a |_ (B 0 Ao Ad)_ (B ]
Aq 0 B Au Au 0 B7) 2
. u / e

B” and B"" are imaginary parts of the adm. matrix (in p.u.), their inversion
1s calculated only once. (Note: Division by voltages element by element.)



DC Power Flow

Relative values. Assumptions:

ij

u; ~u; ~1 s1n8ij ~ Sij
uUuu. .

_ J

P, = SIn o,
~u-Ugeu-Up
pij. v o S1n ij
X -/,

_ 1 J 43 _ 71

Py = Sin Sij — Py =



Matrix

0 5 -5 @
_ 1 J o )
O S S
=X =1 Xy = Ry
J#1 J#1 J#1
!
6b(11)+28b(u>

p)-()6)

Only longitudinal reactances — b” singular. 1 node as a reference with
0 = 0 — matrix b"" smaller by one order.

(DC model doesn’t calculate losses, thus slack not needed but an angle
reference yes.)



